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. C. L. Siegel , 1
,
.
$K$ $[K:\mathbb{Q}]=d<\infty$ . $S$ $K$ , ,
( ) . $s=\# S<\infty$ .
S- $0_{s:=}\{x\in K:U(X)\geq 0$ for $\forall v\not\in S\}$
$S$- $U_{S}$ $:=\{x\in K$ : $v(x)=0$ for $\forall v\not\in S\}$ .
Definition 1 $\alpha_{1},$ $\alpha_{2}\in K^{*}:=K-\{0\}$ , $x,$ $y$ (S-)
.
$\alpha_{1}x+\alpha_{2}y=1$ $in$ $x,$ $y\in U_{S}$ . (1)
.
Theorem 1 (Siegel-Mahler-Lang [22]) $\alpha_{1^{X}}+\alpha_{2}y=1$ in $x,$ $y\in U_{S}$
.
2 , Thue-Siegel-Roth-Mahler ,
. J. Liouville ,
A. Thue t C. L. Siegel, F. Dyson , K. F. Roth
, K. Malher $S$- $p$
.
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, $n(\geq 3)$ , W. M. Schmidt , 20
.
Roth .






$2+\vee c$ , , . ,
. , $2+\epsilon$ ,
, .
Conjecture 1 (Open) $\alpha$ $d(\geq 3)$ . $\alpha$
$\kappa_{0}(\alpha)>0$ , . $\kappa>\kappa_{0}(\alpha)$ $\kappa$ ,
$| \alpha-\frac{p}{q}|<\frac{l}{q^{2}(\log q)^{\kappa}}$ $\frac{p}{q}$ $(q>0)$ .
, .
Definltion 2 ( ) $X\in \mathbb{P}^{N}(\overline{\mathbb{Q}})$ $X=(x0, \ldots , x_{N})\in \mathbb{P}^{N}(K)$
$K$ .
$f \iota(X):=\frac{1}{[K:\mathbb{Q}]}\sum_{v}n_{v}\log(\max\{|x_{0}|_{v}, \ldots, |x_{N}|_{v}\})$
, $X$ ( ) . $n_{v}=[K_{v} :\mathbb{Q}_{v}]$ local degree .
$\alpha\in\overline{\mathbb{Q}}$ $h(\alpha):=h(1:a)$ .
, , $K$ .
, $D$ $H$ , $\deg\alpha\leq D$ $h(\alpha)\leq H$
$\alpha\in\overline{\mathbb{Q}}$ , , $\alpha$
. , $\alpha$ ,
.
, ,











Definition 3 ( ) $X=(x0, \ldots , x_{N})\in \mathbb{P}^{N}(K)$ , $X$ (
) $H(X):=\exp(h(1, x_{1}. \cdots, x_{N}))$ . Affine $(x_{1}, \cdots, x_{N})\in$
$K^{N}|$ $X=(1, x_{1:}\ldots, x_{N})\in \mathbb{P}^{N}(K)$ $H(X)$ .
W. M. Schmidt .
Theorem 3 (The Subspace Theorem, W. M. Schmidt [20] [21])
$N(\geq 2)$ $K$ $L_{i}(X)=a_{i1}X_{1}+\cdots+a_{iN}X_{N}(i=1, \cdots, N)$
. $\delta>0$ . :
$|L_{1}(x)\cdots L_{N}(x)|\leq H(x)^{-\delta}$ . (2)
, (2) $x=(x_{1,}x)\in Z^{N}$ , codiin $\geq 1$ $\mathbb{Q}$
$T_{1},$ $\cdots,$
$T_{t}\subset \mathbb{Q}^{\Lambda^{t}}$ $T_{1}\cup\cdots\cup T_{t}$ .
, (2) codim$\geq 1$ ,







$K$ $0$ ( ,
$)$ . $(K^{*})^{n}$ $K^{*}$ $n$ ; $(x_{1}, \cdots, x_{r\iota})\cross(y_{1}, \cdots:y_{n})=$
$(x_{1}y_{1}, \cdots:x_{n}y_{n})$ .
$\Gamma$ $(K^{*})^{n}$ , rank $r<\infty$ . $u_{1},$ $u_{2},$ $\cdots,$ $u_{\tau}\in\Gamma$
: $x=(x_{1}, \cdots, x_{n})\in\Gamma\subset(K^{*})^{n}$ $x^{z}=u_{1}^{z_{1}}\cdots u$
$z,$ $z_{1},$ $\cdots,$ $z_{r}\in Z$ .
$\alpha_{1},$ $\cdots,$
$\alpha_{n}\in K^{*}$ ,
$\alpha_{1}x_{1}+\cdots+\alpha_{\tau\iota}x_{n}=1$ $in$ $x:=(x_{1}, \cdots, x_{n})\in\Gamma$ $B_{1\text{ }} \sum_{i\in I}\alpha_{i}x_{i}\neq 0$
(3)
$I$ $\{$ 1 $\cdots n\}$ non-empty .
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$\Gamma$ , $\alpha_{1}x_{1}+\cdots+a.x$. $=1$ non-degenerate
$N(\alpha_{1}, \cdots, \alpha_{n}:\Gamma)$ .
$K$ , $0$ $\alpha_{1}$ . $\cdots,$ $\iota 1_{n}’$ , $U_{S}$ (
) a $1^{X}1+\cdots+\alpha_{n}x_{n}=1$ non-degenerate $N(\alpha_{1}, --, \alpha_{n} :(Us)^{n})$
.
Theorem 4 (Evertse-Schlickeweri-Schmidt[13])
$\alpha_{1}x_{1}+\cdots+\alpha_{n}x_{n}=1$ in $x=(x_{1,-} .x_{n})\in\Gamma$ .
$N(\alpha_{1}, \cdots , \alpha_{\tau\iota} :F)$ $\leq c^{r+1}$ . $c=c(n)=\exp((6n)^{3\tau\iota})$ .
G. $r\{\iota’\backslash$mond[18] , ( [14] P.
Vojta ) . ,
$2^{(n^{4n^{2}})\cross(r+1)}$ . , $N(\alpha_{1}, \cdots, \alpha_{n}:\Gamma)$ $n$
$r$ [ , $\alpha_{1},$ $\cdots,$ $\alpha_{n}$ $\Gamma$ . ,
$n$ $r$ , .
$n=2$ Beukers-Schlickewei[2] 1996 ,
$2^{8(r+2)}$ .
non-degenerate ,
. Erd\’os-Stewart-Tijdeman [3] Konyagin-
Soundararajan[15] . ,
, , .
Theorem 5 (Erd\’os-Stewart-Tijdeman[3]) $c>0$ . $K=\mathbb{Q}$
, $s$ . $s-1$ , $S$
.
$N(1,1:(U_{S})^{2})\geq t_{J}^{\lrcorner}x’p(c(s/\log s)^{1/2})$ .
Theorem 6 (Konyagin-Soundararajan[15] ) $0<\gamma<2-\sqrt{2}$
. $K=\mathbb{Q}$ , $s$ . $s-1$ , $S$
.
$N(1_{i}1:(U_{S})^{2})\geq\exp(s^{\gamma})$ .
, $U_{6}$ , $S$ uniform upper bound





.Definition 4 ( $\Gamma$-equivalence class)
$\Gamma$ $r<\infty$ $(K^{*})^{n}$ .
$\alpha:=(\alpha_{1}, \alpha_{2}, \cdots, \alpha_{n})\in(K^{*})^{n}$ $\beta:=(\beta_{1}, \beta_{2}, \cdots , \mathcal{B}_{n})\in(K^{*})^{n}$ $\Gamma$ -equivalent ,
$\sigma\in\Gamma$ $\beta=\sigma\cdot\alpha$ ( coordinatewise) .
$\zeta X$
$\sim/i$ $\Gamma$ -equivalent $\alpha\sim\beta$ .
$\alpha\sim\beta$ , $\alpha_{1^{X}1}+\cdots+\alpha_{n}x_{n}=1$ $\beta_{1^{X}1}+\cdots+\beta_{n}x_{n}=1$ ,
.
$K$ , 1988 Evertse$- Gy\acute{\acute{o}}ry- Stewart- Tijdeman$ ,
Berczes[1] :
Theorem 7 (Evertse-Gy\’ory-Stewart-Tijdeman[10]) , $K$
$S$ , $A\subset(K^{*})^{2}$ , $A$ $(U_{S})^{2_{-}}$
equivalent $(\alpha_{1}, \alpha_{2})\in(K^{*})^{2}$ $\alpha_{1}x_{1}+\alpha_{2}x_{2}=1$
2 .
ineffective $A$ . , 2 best
possible .
, . .
Theorem $n=2$ . $\Gamma$ $(K^{*})^{2}$ $r$ . $x=(x_{1}, x_{2})\in\Gamma$
$\alpha_{1}x_{1}+\alpha_{2}x_{2}=1$ . $B\subset(K^{*})^{2}$
.





, $B$ $\Gamma$-equivalent classes
, 2 . 2 , $\alpha_{1}=\alpha_{2}$
$(x, y)$ $(y, x)$ .
$n=2$ , $n\geq 3$ , A. Baker linear forms in logarithms
$B$ effective , . linear forms
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in lcgarithms , ;
, $K$ $U_{S}$ , . ,
$S$ .
effective , specialization
argument , . ,
.
4
$K$ $0$ , $\Gamma$ $(K^{*})^{n}$ , rank $r<\infty$ . $n\geq 2$ $f1,$ $\cdots,$ $f_{R}\in$
$K[x_{1}, \cdots 4x_{n}]-\{0\}$ . $x=(x_{1}, \cdots, x_{n})\in F$ ,
$f_{i}(x_{1,}x_{n})=0$ $(i=1, \cdots.R)$
.
Definition 5 $\lambda$ , $x=(x_{1,}x_{n})$ degenerate
. $gcd(c_{1}, \cdots, c_{n})=1$ $c_{1},$ $\cdots,$ $c_{n}\in Z$ , $\lambda$
$f_{i}(\lambda^{c_{1}}x_{1}.\cdots, \lambda^{c_{\mathfrak{n}}}x_{n})=0$ $(i=1, \cdots, R)$ (4)
, $\lambda$ $f_{i}(\lambda^{c_{1}}x_{1}, \cdots.\lambda^{c_{n}}x_{n})$ , $\lambda$
($x_{1},$ $\cdots,$ $x_{n}$ ) , .
degenerate non-degene$7^{\cdot}ate$ .
[8] [16] , .
Theorem 8 (4) non-degenerate $x$ .
$X=\{(x_{1}, \cdots, x_{r\iota})\in(K^{*})^{n}:f_{i}(x_{1}, \cdots, x_{n})=0 (i=1, \cdots;R)\}$ . S. Lang
M. Laurent[16] torus , Evertse
[8] [25] , $x\in\Gamma$ , coset $x_{1}H_{1}\cup\cdots\cup x_{t}H_{t}$
. $xH=\{x\cross y:y\in H\},$ $x\in\Gamma$ , $H$ $(K^{*})^{n}$ (
$)$ $xH\subset X$ . $X$ ,
$(x_{1}, \cdots:x_{n})\in\Gamma$ , $X\cap\Gamma$ . Lang
$G_{7lt}^{n}$ .
coset , [25] , $A=\frac{(n+d)!}{n!d!}$
$t\leq c(n, d)^{r+1}$ , $c(n, d)\leq\exp-((6dA)^{5dA})$
.
$x\in\Gamma,$ $xH\subset X$ , dirrl$H>0$ , $H_{0}$ 1 $H$ ,
$gcd(c_{1}, \cdots, c_{n})=1$ $c_{1},$ $\cdots,$ $c_{n}\in Z$ , $H_{0}=\{(\lambda^{c_{1}}, \cdots , \lambda^{c_{n}}) :\lambda\in K^{*}\}$
157
,’ $\dot{y}$ $’/k|1_{J_{-}})-\sim-.\iota\cdot H_{()}=\{(.\iota_{1/}\backslash \ulcorner 1. .:r_{n}\lambda^{c}’\}):/\backslash \in]i^{r*}\}\subseteq xH\subset X$ , $\lambda$
$0$ , $f_{\sim}$ $(\lambda^{c_{t}}x_{1}. , \lambda^{c_{\iota_{J1_{n}}}}’\cdot)=0$ $(\ell=1_{\gamma}\cdots. R)$ , degenerate
. $x$ degeiierate , 1 $H_{0}$ $xH_{0}\subset X$ .
, $x\in F,$ $xH\subseteq X,$ diinH $>0$ , degenerate .
$1)\cap 11-d(\Delta\prime t^{s}.nt^{s}.$ , $( \lim H=0$ , $H=(1, \cdots, 1)$ .
$xH\dot{\sigma})$ coset , $x$ .
. , .
, .
$f_{i}$ total $d$ . $X$ .
Theorem $n=2$ . $\Gamma$ $(K^{*})^{2}$ $r$ . $x=(x_{1}, x_{2})\in\Gamma$
(4) non-degenerate $x$ $\exp(5d^{2d^{3}}(r+2))$ .
, .
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